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A molecular theory for the stress P in a concentrated polymer solution is evaluated for sim-
ple shear flow, Three rheological functions (Pys, Pyy — P2, P11 — Ps3) are predicted to be
dependent on shear rote v in a very complicated fashion, and are displayed graphically. A
unique feature is that Pzo — P33 is shown to have the same sign as P11 — Pss at low shear,
a result in agreement with most experimentol data and not predicted by other theories. A
comparison with two sets of dota verifies the prediction of relative behavior of shear and nor-
mal stresses at low v, but the theory fails to fit data ot high ~. Reasons for the success of
the reducing factors ¢2 or ¢3 (where ¢ is mass concentration) in constructing master curves

for normal stress are suggested.

The shear-dependent stress properties of polymer solu-
tions can be described by molecular theory only under
very restricted circumstances. Only for the extremes of
very concentrated rubbery liquids (3, 15, 28) and certain
very dilute solutions (21, 29) have results been even
moderately successful. In a preceding paper (26) we
attempted to show how solutions of intermedijate® con-
centration might be treated. The influence of intermolecu-
lar forces was explicitly considered, and a non-Newtonian
viscosity was calculated for one simple model. As a fur-
ther illustration, and to explore a more subtle nonlinear
phenomenon, we shall here investigate the normal stress
predictions for the same model.

THEORY

Here we shall summarize the theory which has been
given previously in more detail (26). Linear polymer
molecules, present in a solution of concentration n, are
idealized as pearl necklace chains of N segments. Each
segment in solution interacts with the solvent through a
friction constant, and with other segments through a force
potential U which depends on all the 3(nN) segment co-
ordinates. Fixman has shown that, with certain restric-
tions (6, 26), the total stress tensor P for such a solution
may be represented by

N 1
1?=1n,+n2<m1 \A U>+-En2<rVV> (1)

where P, is due to the solvent and to externally imposed
isotropic pressure. The term in n will not be considered
further here, being basically intramolecular in nature (6);
we shall presume it to be small compared with the inter-
molecular term in n? Thus we are in effect restricting our
attention to a range of concentration for which

© This somewhat slippery term shall refer, first of all, to a concentra-
tion range for which the theories pertaining to infinite dilution (that is,
absolutely no interactions between polymer molecules) are inadequate,
The lower end of this range depends on solvent and polymer molcular
weight M, and a precise numerical figure cannot be assigned to it; it is
often of order 1% when M ~ 105, The upper end of this intermediate
range is characterized by severe entanglements between polymers, such
that segmental spatial distributions are appreciably distorted from Gaus-
sian when flow occurs and intermolecular potentials may not be additive
pairwise. This upper limit is also difficult to characterize with a number,
but may be of ordper 10 to 20% and should be very sensitive to M.
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1
P—Po=—§-n2<rv V> (2)

where r is the vector between centers of two polymer
molecules and V(r) is the intermolecular potential be-
tween them (6). The brackets < > represent an average
in pair space, taken with respect to the pair correlation
function g(r).

Following Kirkwood and co-workers (13), we perform a
linear shear perturbation on g(r) and thereby introduce its
equilibrium limit go(r) and the friction coefficient ¢. If g, is
approximated as unity in this concentration range (7},
Equation (2} can be cﬂsplayed conveniently as

1
P—P°=—[?n2der] I

C ¢n? xz
+ ¥ -—2?) f(l'VV);g—dl’ (3)

wherein we have postulated steady simple shear flow (v
= shear rate)

v=(v5,0,0) = (yz,0,0) (4)

and recognize ¢ as a measure of the effectiveness of the
g(r) perturbation.

Next, we represent the intermolecular potential in
general by (7, 8)

V(r) =Af »(R) »(r + R) dR (5)

where »(R) measures the probability of finding a polymer
segment at position R relative to the center of the mole-
cule to which it belongs. The Earameter A can be evalu-
ated at equilibrium (7), but shall remain unidentified at
present. We desire that »(R) should represent a shear-
deformable molecule; our selection, discussed elsewhere
(26), is

v(X,Y,Z) = Nexp {— B [(X—mZ)?
4+ (14+m?) (Y2+22)]1/(1 +m?)} (6)
N = (B/m)32/\/T+ m? (7

m= My (8)
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where \ is a time constant and N has been chosen to nor-
malize the segment probability density f»(R) dR = 1.

When Equations (6) and (7) are substituted into Equa-
tion (5), the result is

A B /2
V=\m-(é;'> exp{—B[(x-—mz)2

+ (L4 my? + (14 3m)22)/2(1+m?)} (9)

STRESS PREDICTION

Examination of Equation (3) reveals that when y = 0
(that is, at equilibrium) the stress tensor is isotropic:

Peq-pal=[———;—n2f V(r) dr]l (10)

This becomes, with the introduction of Equation (9) eval-
uated at m = 0
1
=——nZAl
5 "

Peq_ po (11)

and we see that A is (within the scope of this model) sim-
ply related to the osmotic pressure, an equilibrium ther-
modynamic property quite amenable to experimental eval-
uation. Because of our prior use of the simplification g, =
1, Equation (11) contains only the energy parameter A.
The parameter B, introduced in Equation (8) as a scale
factor reflecting chain size, would appear in Equation (11)
if better approximations to go(r) were used.

Even when shear is present, P in Equation (3) will
have equal diagonal components (normal stresses) if V
happens to be a symmetric potential. Thus if »(R) were
chosen to represent spherical and undeformable molecules,
no normal stress differences would result [and a purely
Newtonian viscosity would appear (13)]. In the present
case, however, v(R) in Equation (6) describes a molecu-
lar domain which is deformed anisotropically by the shear-
ing forces. Substitution of Equation (9) into Equation
(3) yields the normal components

14+m2 \% .
Tram / (=503

—(E)s/z nACty .
2 kT[#(1 + m2)]3/2

: fff LK; de dy dz (12)

exp {— B [ (x — mz)?

Pii*—Po=‘—i‘n2A(
2

where
Xz

TRt )

+ (1 +m2)y? + (1 + 3m?)221/2(1 + m?)} (13)
K, = 22— maz (14)

K, = (1 + m2)y? (15)

K, = (1 + 4m2)22 — maz (18)

Since p, is not a rheological function and does not influ-
ence the flow behavior of an (assumed) incompressible
fluid, we shall discard it by computing only the differences
between normal stress components:

PP (3)5/2 n2AC¢y
e 2 KT(n(1 + m2)]%2

fff L(Ki—Kj) dx dy dz  (i,j=x,y,2) (17)

The integrals in Equation (17) may be evaluated con-
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veniently after a unitary transformation of variables which
diagonalizes the quadratic form in the exponent of L [see
reference 26 for details]. Results will be expressed in
terms of reduced variables:

(= me= (i) [ ar(3) ] (9

which are dimensionless. For purposes of later discussion
we shall next replace the indices (x, y, z) by (1, 3, 2) and
write the two normal stress functions—and, for compari-
son, the shear stress (26)—in compact form as

(Pll - P33)r =a {—' b3 +-c3 + Cad(F -_ 2E) + eadl(v‘}g)
1

(Pyy —P 22)r = 4a {— b2 + ¢o -+ Czd(F—zE) + ezd(I;} )
0

(Piz — n5y)r = % {(—b + ¢ + cd(F — 2E) + edF}

(21)
wherein

a=[3VT+m?(l+4m?)(1+ 3m2)2]-1 (22)
d=[{(1 +m?){(2m~\/1+ 4m2)~1]% (23)
by = 19 + 108m? + 137Tm* + 32mS$ (24)
by = 5 4 30m2 + 43m* 4+ 10ms (25)
b =3 4+ 10m? — 27m* — 90m® — 48m?3 (26)

ez = (9 + 96m? + 307m* 4 284m® + 32m8) e
S(mvI+4m?) -t (27)

ey = (3 + 8m? — 23m* — 44mF)m(1 + 4m2) ~% (28)
¢ = {3 + 12m2 + 13m* + 60m® + 96ms)m o

(14 4m2)~% (29)

e3 = 13 4 60m2 + 31m* — 16m® (30)

es = 5 + 30m2 4 47Tm? + 22m8 (31)

e =34 10m2 — 23m* — 78mS — 48m®  (32)

In Equations (19) to (21) the functions F = F(®,«)
and E = E(®, «) are incomplete elliptic integrals of the
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Fig. 1. Reduced dimensioniess stresses from intermolecular forces
alone, for simple shear flow v = dvi/dxg. Stresses can be re-
covered by multiplying ordinates by [4—n2AC£B3/2/4\/—2? kT2r].
These curves correspond to Equations (19) to (21).
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first and second kind (12):

D
?}= J; (1— «2 sin2 9)=% dg (33)
with
k2=05+m3[(1+m?) 1+ 4dm2]-! (34)

sin? ® = 2m [(1 + 2m?2) /1 + dmZ — m(1 4+ 4m?)] -
(1 4+ 3m2)-1 (35)

The shear rate parameter in Equations (22) to (36) is
actually

m =\ (8a)

which has appeared quite naturally as a mathematical
consequence of the integrations, and is of course unaf-
fected by a change of sign in . Equation (21) contains
a/m where m = My as before, and hence the shear stress
may change sign as y does.

In Figure 1 is shown the shear-rate dependence of the
stress functions, Equations (19) to (21). Asymptotic forms
of some interest are displayed in Table 1.

DISCUSSION

Low Shear

The primary normal stress function (Py; — Ps3) is seen
from Figure 1 and Table 1 to be quadratic in shear rate
in the Jowest approximation, and in the same range the
shear stress is linear in m. This is physically realistic and
expected; most rheological models behave similarly. In this
low-shear regime, we may compute the limiting (New-
tonian) viscosity n,:

(P12)o _ n2A¢ (—C) B32
Y 15\/2x kT

We may also express the limiting normal stress in terms
of No:

Mo + ns (36)

3
(Pyy— Psg)o = —77—)‘(770—%)‘)'2 (37)

This illustrates explicitly how the normal stress is influ-
enced by the time constant A at low shear. Clearly a fluid
with arbitrarily large », might not exhibit measurable nor-
mal stresses if A were small; that is, the fluid might appear
inelastic,

The proportionality of (Pyy — Pa)o to m? is rather
surprising and seems contrary to experience with visco-
elastic materials. To order m2, the present model predicts
(P11)o =~ (Pa2)o, and in this limit agrees with the inelastic
Reiner-Rivlin-Prager model for which Py; = Py at all
shear rates. However, most measurements on elastic lig-
uids (17, 22) indicate that (P;; — Py2) is nowhere near
zero, but rather is comparable to (Py; — P33) in magni-
tude. Measurements with a Weissenberg rheogoniometer,

which senses (Py; — Pys) directly, give no hint of stress
approaching proportionality to y* (9, 23). On the other
hand, matters of instrument sensitivity and alignment—as
well as polydispersity of sample—may explain this.

High Shear

In a preceding paper (26) it was pointed out that the
prediction for (P1z —vsy), based on the intermolecular
contribution to shear stress, seemed inadequate by itself at
high rates. It exhibited rather rapid saturation, approach-
ing zero as m — o0, and hence %, — %;. For real fluids,
however, 7, > n,. This failure of the model is due in part
to inadequacies of »(R) at high y, and also to our total
neglect of terms in ¢ [see Equation (1)] which must ulti-
mately become important even for concentrated solutions
at high shear. For example, Merrill et al. (19) have found
(7o — ms) ~ c for several examples of such systems. Cer-
tainly the very presence of solute is sufficient to assure
Mo > N

The corresponding normal stress prediction is a rapid
decrease (~ 1/m) which has also never been observed
directly. The usual behavior is a monotonic increase with
v, approaching near proportionality with m! at very high
rates (18, 24). In one particular case, however, Adams
and Lodge (I) reported that (Py; — P3) as calculated
from other measurements appeared to go through a maxi-
mum and then decrease markedly.

Still we must conclude that for most purposes the pres-
ent model—incorporating only one time constant and
many 1E)seudolinear approximations—ocan have little utility
at high rates. A physical explanation for some of its un-
realistic predictions would be based on inadequacies of
the segment distribution function »(R). This function sug-
gests correctly that a polymer molecule under high shear
will become very elongated and oriented with a preferred
axis approaching the streamline,” which would reduce
the probability of molecules intermingling and flexing
elastically. However, the » used here is overly simple and
thus exaggerates this behavior; one is thus forced ulti-
mately to envision a fleet of very fine rigid needles aligned
parallel to each other, moving along with minimal inter-
action. But in reality, the model used here for »(R) would
fail long before this extreme state were reached.

Intermediate Shear and Comparison with Data

For m < 1, the normal stress prediction displayed in
Figure 1 seems to exhibit fairly realistic curvature; the
shear stress curve might be useful to somewhat higher m.
If the theory presented here and elsewhere (26) is valid,

#If yp in Equation (B) is used to calculate the moments XZ(m) =
§ X2 y(R; m)dR, etc., we may compute gross shape ratios such as
(X¥/Z%)1/2 = JT + 4m?. This indicates a spherically symmetric moale-
cule at zero shear, but an unrealistically elongated one at very high
shear,

TasrLe 1. Asymproric Forms oF REDUCED StrEss FUNCTIONS

Reduced
shear
rate limit (P11 — Psg)r (P — Pa2)r (P12 —msy)r
4 25 ) 32 4 ( 9 )
— — — 2 2 ___._.m4 — 1_,_._m2 m

m= 0 35(1"'44'" " 83 15 14

4 ( 1 ) 5 1 ) 4
me e T \'m 27 \'m 9
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Fig. 2. Shear stress (@) and normal stress (A) data for 8.0% poly-
vinyl alcohol in water (22). Solid curves, drawn by eye, represent

the data. Dashed curves, similar to those shown in Figure 1, are the
theoretical predictions with ). = 0.012 sec.

it must be able to represent simultaneously the normal and
shear stress data on concentrated polymer solutions, at
low shear.

Two tests of this are presented in Figures 2 and 3. Both
plots contain data obtained in cone-and-plate instruments,
and in both cases the data have been published elsewhere.
The normal stress function appropriate to the cone-and-
plate, calculated from the slope of the radial pressure pro-
file, is (P11 + Py — 2P33). From Figure 1 we may extract
this function as predicted by our theory. For example, at
low shear

(P11 — Pg3)o + (P22_P33)o=‘_—3"}\(7)o‘—1]s)’)'2 e
(38)

The procedure for curve fitting is easy and the best fit
unambiguous. Given the theoretical dimensionless curves
for Py and (Py; + Pyp — 2P3;) on one graph, and the
corresponding experimental curves on another, we adjust
the relative positions of the coordinate axes of the two
gralg)hs until superposition is achieved. Whereas such a
technique can be somewhat arbitrary when applied to one
curve along (for example, Py}, it comes close to securing
a unique fit when two types of curves are superimposed
simultaneously as is done here.

Figure 2 shows the behavior of an 8.0% solution of
polyvinyl alcohol (DuPont, Elvanol 72-51) in water (24},
and Figure 3 represents a 6.86% solution of polyisobutyl-
ene (Badische Anilin, Oppanol B100) in cetane (16, 17).
Neither polymer is monodisperse, which means that the
entire range of liquid response cannot possibly be charac-
terized by one distinct A. Hence the exact curvature of
the experimental data is perhaps less important than the
relative magnitudes of Py and (Py + Pgz — 2Ps3) at
low shear, which is always determined principally by the
longest relaxation time.
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Both Figures 2 and 3 demonstrate the quantitative in-
adequacies of the model. In both cases the experimental
data just barely overlap the shear-rate region for which
the model is hoped to be useful. Once the theoretical and
experimental curves have been superimposed as closely
as possible, A may be evaluated easily from the numerical
equality of the abscissas:

(39)
A quick check on X obtained in this fashion is obtained
by rewriting Equation (38) to give

7 (P + Pog~ 2P33),

6 (7P12) o

(nearly so if 9, >> n5). This, of course, may in principle
be evaluated from the data directly, without recourse to
a curve fitting procedure at all. We note, however, that
frequently this low-shear stress limit is not experimentally
accessible (see Figure 2), and extrapolations to low shear
without a guiding model would be hazardous and subjec-
tive. For the data in Figure 2, we find X = 0.012 sec. and
from Figure 3, A = 0.25 sec. These results are in agree-
ment with both Equations (39) and (40).

Weissenberg Hypothesis

Since the two theoretical normal stress curves in Figure
1 are unequal, we see that Py, ¢ P33 and hence that the
present model does not conform in ﬂgeneral to the behavior
of the hypothetical Weissenberg fluid (Py; = Pgg). In-
stead, Pyp and Py are predicted to differ at low shear and
to approach equality with increasing shear (near m ~ 1).
In this respect, they appear to correspond to the observa-
tions of Ginn and Metzner (9). However, most reports of
(Pyy — Py3) indicate that its magnitude is a nearly fixed
fraction of other normal stress functions (1, 10, 11, 17, 22,
25). These measurements, of course, are mostly conducted
at shear rates so high that the present model is not ex-
pected to be too useful.

The full behavior of (Pyy — Pg3) is shown in Figure 4.
We find that for m < 1, (Pge — Pg3) has the same sign

()\V)theory = Ydata

(40)
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(Pzz‘ P33)

100

as do (Py; — Pap) and (Py; — P33) and likewise represents
a tension. In this respect it agrees with most experimental
results (10, 15, 17, 22) and represents an important im-
provement over other molecular theories which insist
that the sign of (Pyp — Pg) differs from those of the
others (14, 20, 28).

When m > 1, we have the unexpected prediction that
(Pgs — P33) changes sign and becomes, in effect, a net
compressive stress. Such a change in sign has never been
observed directly, but cannot be excluded from the realm
of possible phenomena. In the case cited before, Adams
and Lodge (I) pointed out that (Py; — Pa) obtained
indirectly appeared to change sign at high shear. Further-
more, Jackson and Kaye (1I) have recently reported mea-
surements in a pseudo cone-and-plate geometry which in-
dicate that (Py; — Pgz) and (Py; — Psy) may have op-
posite signs. In the context of this discussion, we might
look upon all these results collectively as limited evidence
that normal stress functions can indeed change sign for
some fluids, perhaps together and perhaps separately, and
that the signs which are reported may depend on the
shear-rate range of a particular investigation and the rela-
tive importance of intramolecular and intermolecular
forces. We hasten to point out that the rapid change of
(Pgy — Pg3) predicted in this work is a consequence of
using an oversimplified »(R) and ignoring intramolecular
contributions to the stress. The function (P g5 — Pj3) is
expected to be particularly sensitive to these approxima-
tions.

Concentration and Molecular Weight Dependence

For dilute solutions, many types of stress data may be
correlated in terms of reduced variables which contain the
first power of ¢ = nM/N (5). This is adequately ex-
plained by existing theory (5, 29), and indeed would
arise from a consideration of the middle term of Equation
(1) alone. In concentrated solutions the factor ¢? has
proved more useful (4, 17, 24), or even ¢® (17). This was
explained on the basis of the present model in another
work (27) with regard to the shear stress and viscosity.
Specifically, it was argued that

(m0 — 15)

MM, ¢) =F(0) (41)
where F(c) is a thermodynamic mixing parameter which
in certain concentration ranges might be only weakly de-
pendent on ¢. From this it followed directly that 5/, as
a function only of a reduced shear rate m = Ay, should be
correlated in terms of

as the independent parameter.
In a similar fashion, we may explain the reduction of
normal stress data by extending Equation (38):

6 —_
(P11 + Pgg — 2Pgy) ='—? ("70 Y “'ls) *(Ay)Ee

[14+H ()] (43)

Hence, mu]tiplying by M/ {(no — 75), we have another re-
duced function which depends only on m. Introduction of
Equation (41) leads to the stress variable which was de-
duced from successful correlations:

(P13 + Py — 2Pgy)
c®F (c)

in which ¢®F(c) might approach ¢® for very high con-
centrations.

It is important to note that the ¢? dependence displayed
in Equations (41), (42), and (44) is a consequence solel
of a consideration of intermolecular forces. When suc
forces are important, as they will be in even moderately
concentrated solutions, the factor ¢ (or even a higher
dependence) will be necessary. This is so even in the ab-
sence of physical entanglements between molecules or the
existence of gelatinous structures in the fluid. Hence the
dilute solution result (5, 29)

(44)

(g o) ~ LI (45)

arising from analyses which neglect such interaction, will
clearly be inadequate.

The molecular weight dependence of normal stress can
b}(la extracted from Equations (38) and (41) by combining
them:

1 .
7—2 (P11 + Pay — 2P33) o ~ M M) * [9({M) — ;]

~ ['ﬂo_ﬂs]2~’702(M) (46)

This result, too, differs from the dilute solution prediction
which would be made with Equation (45):

1
7z (P11 + Pag— 2P33) o|ay ~ M * [m0 — ms]
~ Mo — 7512~ M[7]* (47)

where [7] is the intrinsic viscosity. Equations (46) and
(47) are both independent of many details of a model, for
either dilute or concentrated solutions. These details would
be needed to evaluate %,(M) or [4]. For the dilute case
(3, 8) [n] can depend on molecular weight as M%3 to
near M! for various solvents, and hence (P;; + Pay —
2P33) ~ M2 to M3 from Equation (47). For the case of
higher concentration, the present model has been used
(27) to estimale 1, ~ M5 in the absence of entangle-
ment effects. From Equation (46) this would give (Py; +
Pay — 2P33), ~ M25, which is not markedly different from
dilute solution results and seems much too weak. The lat-
ter remark may be unfair, since normal stresses are almost
always measured for solutions wherein strong entanglement
effects are likely, and thus we cannot state with certainty
the experimentally determined M dependence for solutions
which are relatively free of such effects (as assumed by
the development here). If we use the experimental result
(valid at high M, when entanglements exist) that 5, ~
M34, then Equation (46) indicates that (Py + Pap —
9P33), ~ M®38, This of course is not a strictly legitimate
application of the present model but appears to agree bet-
ter with some observations. A dependence of M7# has

~ | T s also been suggested, based on the dilute solution result of
m [ c2F(c) ] Y (42) Equation (47): Mz — 7s) ~ Mo ~ Mno?
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Experimental data at the present time do not appear
adequate to test these predictions. However, the possibil-
ity that normal stress varies approximately as M7 for some
materials is not surprising to those who have performed
experiments, It hel%)ls to explain why many early investi-
gators, working with polymers of modest size (M ~ 10%),
did not report anomalous Weissenberg phenomena. Clearly
these effects are unmistakable when M ~ 108,

CONCLUSIONS

A consideration of intermolecular forces in concentrated
polymer solutions has led to the prediction of non-New-
tonian viscosity and two normal stress functions for the
shear flow, v; = yx;. Only two phenomenological param-
eters are required, a low-shear limiting viscosity 4, and
a time constant . The predicted shear dependency of the
stresses is realistic up to moderate shear rates (Ay ~ 1).
Within this range (P — Pss) and (Pgy — Pg3) are pre-
dicted to have the same sign, a result in agreement with
most experiments but not predicted by many other theo-
ries. For higher shear rates, stress behavior of this model
becomes inadequate to approximate that of real fluids; in
this regard, the present development cannot compete with
many clever empirical models based on continuum me-
chanics (2, 23). This deficiency might be remedied by the
introduction of higher order time constants and simultane-
ous consideration of intramolecular effects. We have not
yet explored the ability of this model to describe time-
dependent phenomena (for example, to predict the com-
plex viscosity #n* measured in sinusoidal shear); it seems
to be possible, although nontrivial.

The experimentally established utility of the factor ¢?
on both coordinates in master plots of normal stress data
for concentrated solutions can be justified with the present
model. Predictions about molecular weight effects are not
expected to be valid at extremely high M (when entangle-
ments are important), but await testing.
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NOTATION

a = dimensionless coefficient, function of shear rate,
used to describe non-Newtonian stress behavior,
Equation (22)

A = constant determining magnitude of intermolecular
potential, Equation (5), and related to osmotic
pressure, Equation (11); (g.) (cm.%)/sec.?

b, by, by = dimensionless coefficients, Equations (24) to
(28); see a

= stiffness parameter characterizing a pseudo Gaus-
sian segment distribution, Equation (6), cm.™2

c = mass concentration, g./cc.

¢, €3, g = dimensionless coefficients, Equations (27) to
(29); see a

C = integration constant which specifies strength of
the shear perturbation of g,(r), cm.’

d = dimensionless coefficient, Equation (23); see a

¢, €y, e3 = dimensionless coefficients, Equations (30) to
(32); see a

E, F = incomplete elliptic integrals of the second and
first kinds, Equation (33)

F(c) = dimensionless concentration-dependent parame-
ter, related to A

g(r), go(r) = pair correlation function and its equilibrium
limit (radial distribution function), dimensionless

I = unit tensor

k = Boltzmann’s constant, 1.38 X 10718, (g.)(sq.
em.)/ (sec.2) (deg.)

K; = part of integrand in Equation (12), see Equa-
tions (14) to (16); sq.cm.

L = part of integrand in Equation (12), see Equa-
tion (13); ce.”?

m = y\, dimensionless shear rate

M = molecular weight of a flexible polymer, g./mole

n = number density of polymer molecules, cc.~!

N = number of statistical segments in each polymer
molecule :

N = Avogadro number

& = normalizing coefficient for »(R), Equation (7)

po = Isotropic pressure contribution which would exist

in the absence of polymer solute, g./(cm.) (sec.?)

P, P;;, P, = total stress tensor, its {j component, and that
portion of it which would exist in the absence of
polymer solute, g./(cm.) (sec.2)

r = vector separation of centers of two polymer mole-
cules, cm.

R = vector position, referred to the center of a poly-
mer molecule, cm.

T = absolute temperature

U = potential of mean force due to the presence of
all segments, (g.) (sq.cm.) /sec.?

v, v; = velocity vector and its i component, cm./sec.

V(r) = intermolecular potential energy, derivable from U

(5), (g.)(sq.cm.)/sec.?
x, i, = components of r, cm.
X, Y, Z = components of R, cm.

Greck Letters

y = dv,/dx;, shear rate in simple shear flow, sec.”!

n(m), n,, 1. = non-Newtonian viscosity, its low-shear
limit, and its high-shear limit; g.(cm.) (sec.)

[7] = intrinsic viscosity, lim ¢ — 0 [(no — %s)/cns],
ce./g.

ms = solvent viscosity, g./{cm.) (sec.)

] = polar coordinate, rad.

« = parameter of elliptic integrals, Equation (34);
dimensionless

A = time constant for polymer chain response, sec.

»(R) = probability density for distribution of polymer
segments about their own molecule, cc.~!

= friction coefficient between polymer molecules,

g./sec.

= anéplitude of elliptic integrals, Equation (35),
rad.
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Transient Multicomponent Diffusion

with Heterogeneous Reaction

J. L. HUDSON

University of Hlinois, Urbana, Hllinois

The problem of transient muiticomponent diffusion of an arbitrary number of components
in one-dimension with heterogeneous reaction has been solved exactly by means of the
Laplace transform. Linearized expressions for the diffusion and reaction were used. Numerical
evaluations of the solution are given and a comparison made with results derived by use

of an effective diffusivity.

The momentum and continuity equations for multicom-
ponent mass transfer with chemical reaction in an isother-
mal system are coupled and nonlinear. These equations
can be simplified considerably if the concentration varia-
tions throughout the system are small, if the concentra-
tions are not too far from chemical equilibrium, and if
there is no volume change with reaction or mixing. Under
these conditions the flux of any component can be ex-
pressed as a linear combination of the concentration gradi-
ents of each species (2, 5 to 9), the reaction rate expres-
sions can be linearized (10), and the momentum equation
can be solved independently of the continuity equations
for each species (6). The problem thus reduces to solving
a set of coupled, linear differential equations representing
continuity of each component. The approximations in-
volved in a linearization of the transport equations (6 to
8) and of the reaction rate expressions (10) have been
clearly discussed in detail elsewhere,

When no chemical reaction is taking place, and when
the concentration or flux of each component is known on
the boundaries, the problem may be resolved by a rota-
tion of the coordinate axes, which uncouples the continuity
equations (6 to 8). If the equations are doubly coupled,
this rotation will not in general uncouple the set. This
double coupling may occur in the volume, as by diffusion
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and homogeneous reaction, or in the volume and on the
boundaries, as by diffusion and either heterogeneous reac-
tion or transport between two phases. It would be fortui-
tous if one rotation would uncouple such a system, and
this occurs only in very special circumstances as pointed
out by Toor (9).

In general, systems which exhibit dual coupling will
have to be treated numerically or approximately. How-
ever, in some special geometries transient coupled prob-
lems can be solved exactly, and these solutions will lead
to an understanding of the characteristics of more compli-
cated problems. Toor has obtained an exact solution to
the problem of transient multicomponent diffusion with
homogeneous chemical reaction in a finite one-dimensional
region (9). In this work, transient multicomponent diffu-
sion with heterogeneous reaction will be reported. The
geometry chosen was the simplest possible, namely, a
stagnant film.

ANALYSIS

Consider multicomponent diffusion of N 4+ 1 compo-
nents through a film with heterogeneous reaction taking
place. The system is initially at steady state with a mole
fraction distribution (f), where the components of (f) are
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